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$\{\begin{array}{ll}\frac{\partial z}{\partial t}=\Delta\beta(z)+f(\beta(z)) in Q:=\Omega\cross(0,T),\beta(z)=0 on \partial\Omega\cross(0, T),z(\cdot, 0)=z_{0} in \zeta).\end{array}$ (1)
, $\Omega$ $R^{N}(N\in N)$ , $T$ , $f,$ $\beta,$ $z_{0}$
. . , Stefan
, Hele-Shaw . , (1) ,
. (1)
$\partial_{t}z=div(\beta^{l}(z)\nabla z)+f(\mathcal{B}(z))$ . , $\beta’(z)$
, $0$ , , ( ) .





. , $d_{1}$ $d_{2}$ ,
. , $\lambda$ . , (1)
$z$ , $\beta(z)$ . ,
$z$ $(0, \lambda)$ $\beta’(z)$ .









. , $m>1$ . , $z=0$
. , . $z_{0}$






(1) , , (1)










Nochetto [20] . , , non-degeneracy













(1) $z$ , $u=\beta(z)$ . , $\epsilon$ , $u$
$u^{\epsilon}$ . .
$Q_{+}:=\{(x, t)\in Q;u(x, t)>0\}$ .
, Stefan ,
. , $\Gamma=\partial Q_{+}\cap Q$ . $Q_{+}$
$\delta(\epsilon)$ .
$Q_{+}^{\epsilon}:=\{(x, t)\in Q;?J^{6}(x, t)>\delta(\epsilon)\}$ .
, $\Gamma^{\epsilon}=\partial Q_{+}^{\epsilon}\cap Q$ . .
(Al) $L^{p}$ :
$p\in[1, \infty]$ $\sigma$ : $R+arrow R+$ , lini$\epsilonarrow 0^{\sigma(\epsilon)=0}$ .
$\Vert u-u^{\epsilon}\Vert_{L^{p}(Q)}<\sigma(\epsilon)$ .
(A2) A non-degeneracy property:
$\rho$ : $R+arrow R+$ .




1 (Error estimate in measure [20].) (Al) (A2) . ,
.
me s $(Q_{+}\triangle Q_{+}^{\epsilon})\leq\rho(2\delta(\epsilon))+2(\sigma(\epsilon)/\delta(\epsilon))^{p}$ .
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1 1
, $L_{-p}(\tau 1\leq p<\infty)$ , $L^{\infty}$ .
1 , $Q_{+}^{-}\vee\wedge$ 2 .
$Q_{1}^{\epsilon}$ , $Q_{\check{2}}^{\tau}$ $\Gamma_{\check{i}}’\sim=\partial Q_{\check{i}}^{\epsilon}\cap Q(i=1,2)$ . meas $(Q_{\dot{1}}^{\sigma})$ $0$
, meas $(Q_{+}\triangle Q_{+}^{\epsilon})$ $0$ . , 1
. , . $\Gamma_{2}’\in$ $\Gamma$ .




$K$ $K\subset\subset Q$ , $\ovalbox{\tt\small REJECT}_{\eta}$
$\ovalbox{\tt\small REJECT}_{r/}(F\cap K):=\{(x, t)\in Q;d((x, t), F\cap K)\leq C_{K}\eta\}$.
. , $d((x, t), F\cap K)$ $(x, t)$ $F\cap K$ , $C_{K}$ $K$
. .
(A3) $\rho$ : $R+arrow R+$ $C_{K}$ .
$K\cap\{0<?l<\eta\}\subset\ovalbox{\tt\small REJECT}_{\rho^{-1}(\eta)}(F\cap K)$ .
2 (Error estimate in distance [20].) $p=\infty$ (Al) (A3) ,
$\delta(\epsilon)=\sigma(\epsilon)$ . , $F^{\epsilon}$ .
$F^{\epsilon}\cap K\subset \text{ _{}\rho^{-1}(2\sigma(\vee\prime))}(F\cap K)$ .




(1) , , (1)
. ,
.
$N\tau$ , $\tau=T/N\tau$ . , $\{z^{n}\}_{n=0}^{N_{T}}$ $\overline{D}_{\tau}z^{n}=\frac{\overline{k}^{-z^{n-1}}n}{\tau}(1\leq$
$n\leq N_{T})$ . (1) ,
$\overline{D}_{\tau}Z^{n}=\Delta\beta(Z^{n})+f(\beta(Z^{n}))$ .
, . SOR [27]
.
[2, 6, 8, 9, 11, 14, 18, 19, 21, 22, 25, 28, 29]. ,
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.Newton . , $k$- $\Delta\beta(Z^{n})$
, Newton ( ) .
Berger [3] .
$\{\begin{array}{l}Z^{0}:=z^{0},U^{n}-\frac{\tau}{\mu}\Delta U^{n}=\beta(Z^{n-1})+\frac{\tau}{\mu}f(\beta(Z^{n-1})),Z^{n}:=Z^{n-1}+\mu(U^{n}-\beta(Z^{n-1})) for n=0,1, \cdots, N_{T}.\end{array}$ (2)
, $\mu>0$ . nonlinear Chemoff
formula , [13, 23, 24, 26].










$U^{j}=\beta(Z^{j})$ , $\mu=1/\beta’(Z^{j})$ , (2) . , $\mu$
$1/\beta’(z)$ . , $\mu$
. Ka\v{c}ur [12] , $n=1,2,$ $\cdots,$ $N_{\Gamma}$ ,
$U^{n},$ $Z^{n},$ $\mu^{n}\in L^{\infty}(\Omega)$ .
$\{\begin{array}{l}\mu^{n},U^{n}-\tau\Delta U^{n}=\mu^{n}\beta(Z^{n-1})+\tau f(\beta(Z^{n-1})),|_{0}\theta(Z^{n-1}+\mu^{n}(U^{n}-\beta(Z^{n-1})))-\beta(Z^{n-1})|\leq\alpha|U^{n}-\beta(Z^{n-1})|+o(\frac{1}{\sqrt{N_{T}}}),0<\delta\leq\mu^{n}(x)\leq K,Z^{n}:=Z^{n-1}+\mu^{n}(U^{n}-\beta(Z^{n-1})).\end{array}$ (3)
, . , $0<1-\alpha<1,$ $\delta,$ $K^{-1}$
, $0$ Landau . $U^{n}$ $\mu^{n}$ ,
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.$\{\begin{array}{ll}\mu^{n.0}:=\gamma_{K}(1/\beta_{N_{T}}’\ovalbox{\tt\small REJECT} Z^{n-1})), \mu^{n,s-1}U^{n,s}-\tau\Delta U^{n,s}=\mu^{n,s-1}\beta(Z^{n-1})+\tau f(\beta(Z^{n-1})), \mu^{n,s}:=\gamma_{K}(\frac{\prime 6_{N_{T}}^{-1}(\beta_{N_{T}}(Z^{n-1})+\alpha(U^{n,s}-\beta(Z^{n-1})))-Z^{n-1}}{U^{n,s}-\beta(Z^{n-1})}) for k=1,2, \cdots.\end{array}$
,
$\gamma_{K}(s)=\{\begin{array}{ll}s if 0\leq s\leq K,K if \epsilon\cdot>K\end{array}$
, $\beta_{N_{T}}$ Lipschitz , .
$\Vert\beta_{N_{T}}-\beta\Vert_{L\infty(R)}=o(\frac{1}{\sqrt{N_{T}}}$ $’\beta_{\Lambda_{T}^{\gamma}}\in C^{2}(R)_{:}$
$0<\beta_{N_{T}}’(s)\leq L_{\beta_{N_{T}}}\leq L_{\beta}$ for all $s\in R$ .
, $L_{\beta_{N_{P}}}$, $\beta_{N_{T}}$ Lipschitz .
[10, 12]. .
, (1) ( ) .
, ,
. , (1) .
$\{\begin{array}{ll}\frac{\partial u}{\partial t}=\frac{1}{\mu}\Delta u+\frac{1}{\mu}f(u)-\frac(u-\beta(\mu u\overline{\epsilon}1+v)) in Q,\frac{\partial v}{\partial t}=\frac{\mu}{\epsilon}(u-\beta(\mu u+v)) in Q,u=0 on \partial\Omega\cross(0, T),u(\cdot, 0)=\beta(z_{0}), t)(\cdot, 0)=/\cdot 0\sim-\mu\beta(z_{0}) in \Omega.\end{array}$ (4)
, $\mu$ $\epsilon$ . (1)
[15]. (4) $(u^{\epsilon}, v^{\epsilon})$ .








$\{\begin{array}{l}\overline{D}_{\tau}U^{n}=\frac{1}{\mu}\Delta U^{n}+\frac{1}{\mu}f(U^{n-1})-\frac{1}{\epsilon}(U^{7b-1}-\beta(\mu U^{n-1}+V^{n-1})),\overline{D}_{\tau}T^{rn}\prime=\frac{l^{l}}{\epsilon}(U^{n-1}-\beta(\mu U^{n-1}+1\prime^{rn-1})) for n=0,1, \cdots, N_{T}.\end{array}$ (5)
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$Z^{n}=\mu U^{n}+V^{n}$ , $\epsilon=\tau$ . $f(U^{n-1})$ $f_{\backslash }^{(}\beta(Z^{n-1}))$ ,
(5) (2) . , (2) (4)
, (4) (2) .
, (4) .
(4) , $\epsilon$ (1) ,




$\{\begin{array}{l}\overline{D}_{\tau}U^{n}=\frac{1}{/l}\Delta U^{n}+\frac{1}{l^{l}}f(U^{n})-\frac{1}{\epsilon}(U^{n}-\beta(\mu U^{n}+V^{n})),\overline{D}_{\tau}V^{n}=\frac{\mu}{c}(U^{n}-\beta(\mu U^{n}+V^{n})) for n=0,1, \cdots , N_{T}.\end{array}$ $($6)
5 .





(Hl) $\beta$ Lipschitz , $\beta(0)=0$ . ,
$l_{\beta}$ $L_{\beta}$ .
$0\leq l_{\beta}\leq\beta’(s)\leq L_{\beta}<+\infty$ for a.e. $s\in R$ .
, $C_{1}$ $C_{2}$ .
$|\beta(s)|\geq C_{1}|s|-C_{2}$ for all $s\in R$ .
(H2) $f$ Lipschitz .
(H3) $z_{0}\in L^{2}(\Omega)$ .
(H4) $\mu$ $0<\mu<L_{\beta}^{-1}$ .
(1) .
1 $z\in L^{2}(Q)$ , (1) , $\beta(z)\in L^{2}(0, T;H_{0}^{1}(\Omega))$ ,
$\varphi(\cdot, T)=0$ $\varphi\in L^{2}(0, T;H_{0}^{1}(\Omega))\cap H^{1}(0, T;L^{2}(\Omega))$
$- \int_{0}^{T}\langle z,$ $\frac{\partial\varphi}{\partial t}\}+\int_{0}^{T}\langle\nabla\beta(z),$ $\nabla\varphi\}=\langle z_{0},$ $\varphi(\cdot,0)\rangle+\int_{0}^{T}\{f(\beta(z)),$ $\varphi\rangle$
. , $\langle\cdot,$ $\cdot\rangle$ $L^{2}(\Omega)$ .
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$\iota^{1}$ , $7,3C$]. (6)
.
ln-1,2, $\cdots$ , $N\tau$ , $U^{n}\in H_{0}^{1}(tf)$ $V^{n}’\in L^{2}(\zeta l)$ .
$U^{0}=u_{0}\in L^{2}(\Omega)$ , $V^{0}=v_{0}\in L^{2}(\Omega)$ ,
$\langle\overline{D}_{\tau}U^{n},$ $\varphi\rangle+\frac{1}{\mu}\langle\nabla U^{n},$ $\nabla\varphi\}=\frac{1}{\mu}\{f(U^{n}), \varphi\}-\frac{1}{\epsilon}\{U^{n}-\beta(\mu U^{n}+I^{\gamma n}), \varphi\}$
for all $\varphi EH0(\Omega)$ ,
$\overline{D}_{\tau}V^{n}=\frac{\mu}{\epsilon}(U^{n}-\beta(\mu U^{n}+\nu^{rn}))$ a.e.
(Hl), (H2), $\mu>0$ , 1 $\{U^{n}, V^{n}\}_{n=1}^{N_{T}}$ $– 4$
.
.
3 $([$16$])$ 1 $\{U^{n},$ $V^{n}\}_{n=1}^{N_{T}}$ , (Hl), (H2), (H4) ,
$\tau$ $\epsilon$ $C$ .






$+ \mathcal{T}\sum||Z^{n}||_{L^{2}}^{2}(\Omega)+$ $\max$ $||Z^{n}\Vert_{H}-1(\Omega)\leq C$ .
$1\leq n\leq N_{T}$
$n=1$
, (6) . .
4([16]) $z$ (1) , $\{U^{n}, V^{n}\}_{n=1}^{N_{T}}$ 1 . $u=\beta(z)$ ,
$U$ $Z$ .
$U(t)=U^{n}$
for $t\in(t^{n-1}, t^{n}]$ .$Z(t)=Z^{n}=\mu U^{n}+V^{n}$
$(H1)-(H4)$ , $\tau$ $\epsilon$ $C$ .
$E;= \Vert u-U\Vert_{L^{2}(Q)}+\Vert\int_{0}^{t}(u-U)\Vert_{L\infty(0,T;H^{1}(\Omega))}$
$+\Vert z-Z\Vert_{L(0,T;H^{-1}(\Omega))}\infty\leq C(\tau^{1/2}+\epsilon^{1/4})$ . (7)
, $\beta(\tilde{4}0)\in H_{0}^{1}(\Omega)$ , $l_{\beta}>0$ , $\tau$ $\epsilon$
$C$ .
$E+\Vert z-Z\Vert_{L^{2}(Q)}\leq C(\tau+\hat{c}^{1/2})$ . (8)
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Stefan (1) (6)
. $\epsilon$ $\tau^{2}$ ,
$O(\tau^{1/2})$ . $(l_{\beta}>0)$ $O(\tau)$
. , , $Z$ $L^{2}(Q)$ , $O(\tau)$
. , $z$ $u$ .
$\int_{0}^{t}u\in H^{1}(0, T;H_{0}^{1}(\zeta)))\subset c2([o, \tau])$ , $z\in H^{1}(0, T;H^{-1}(\Omega))\subset$
$C^{0,1/2}([0, T];H^{-1}(\Omega))$ . , $r<1/2$ $u\in H^{r}(0, T;L^{2}(\Omega))$
[30]. (7) . , $\beta(z_{0})\in H_{0}^{1}(\Omega)$
$l_{\beta}>0$ , [30]: $u\in L^{\infty}(0, T;H_{0}^{1}(\Omega))\cap H^{1}(0, T;L^{2}(\Omega)),$ $z\in$
$H^{1}(0, T;L^{2}(\Omega)),$ $Tt\partial z\in L^{\infty}(O, T;H^{-1}(\Omega))$ . , (8) .
$L^{2}$ , Nochetto , 1
. , Stefan . Stefan , $t=0$
Lipschitz , ( )
non-degeneracy property [17].
meas $(\{0<u<\eta\})\leq C\eta$ . (9)
(6) ( $Q$ )U $=U(x, t_{!}\cdot\epsilon, \tau)$ ,
$Q_{+}^{\tau}$ .
$Q_{+}^{\tau}:=\{(x,t)\in Q;U(x,t;\epsilon, \tau)>\tau^{1/3}\}$ .
, .
1 $(H1)-(H4)$ , (9) , $\epsilon=\tau^{2}$ . , $\tau$
$C$ .
meas $(Q_{+}\triangle Q_{+}^{\tau})\leq C\tau^{1/3}$ .
, . 1 $(N=1)$ ,
Caffarelli Friedman [4] . $t_{0}>0$
$C(t_{0})$ .
meas $(\{(x, t)\in Q;t\geq t_{0},0<u<\epsilon^{m/(m-1)}\})\leq C(t_{0})\epsilon$. (10)
(6)
$Q_{+}^{\tau}:=\{(x, t)\in Q;U(x, t;\epsilon, \tau)>\tau^{m/(3m-1)}\}$.
. , .
2 $N=1$ . (Hl)$-(H4)$ , $\epsilon=\tau^{2}$ . $to>0$
(10) $C(t_{0})$ . , $\tau$ $C’(t_{0})$
.
meas $((Q_{+}\triangle Q_{+}^{\tau})\cap\{t>t_{0}\})\leq C’(t_{0})\tau^{(m-1)/(3m-1)}$ .
70
$N$ $(N>1)$ Caffarelli FRriedman [51 non-
degeneracy property . $to>0$
$7^{0}$ $C(t_{0})$ .
meas $(\{(x,t)\in Q;t\geq t_{0},0<u<\epsilon^{(2-\gamma)m/(\gamma!(m-1))}\})\leq C(t_{0})\epsilon$ . (11)
$Q_{+}^{\tau}$ .
$Q_{+}^{\tau}:=\{(x, t)\in Q;U(x,t;\epsilon,\tau)>\tau^{(2-\gamma)m/(4m-\gamma(1-m))}\}$.
3 $N>1$ . (Hl)$-(H4)$ , $\epsilon=\tau^{2}$ . $to>0$
(11) $C(t_{0})$ . , $\tau$ $C’(t_{0})$
.
meas $((Q_{+}\triangle Q_{+}^{\tau})\cap\{t>t_{0}\})\leq C(t_{0})\tau^{\gamma^{i}(m-1)/(4m-\gamma(1-m))}$ .
5
, , .
moving mesh , , Ka\v{c}ur [12]





. , moving (adaptive) mesh
[2, 14, 21, 22, 23].
Newton .
$(\begin{array}{ll}A^{(k-1)} B^{(k-1)}C^{(k-1)} D^{(k-1)}\end{array})(\begin{array}{l}U^{(k)}V^{(k)}\end{array})=(\begin{array}{l}U^{()}k-1_{\prime}V^{r(k-1)}\end{array})$ .
, $A^{(k-1)}$ , $B^{(k-1)},$ $C^{(k-1)},$ $D^{(k-1)}$
. , $B^{(k-1)}$ $A^{(k-1)}$







2 Stefan . Furzeland[9] Mackenzie Robertson [14]
.
$\{\begin{array}{ll}\frac{\partial\tilde{\sim}}{\partial t}=\Delta\beta(z) in \bigcup_{t>0} \zeta l\cross\{\text{ }\},\beta(z(O,t))=k_{1}\theta^{*} for t>0,\frac{\partial\beta(z(x,t))}{\partial x}=0 as xarrow\infty, t>0.z(x, 0)=C_{2}\theta_{0} for x>0.\end{array}$
, $\beta(r)=\kappa_{2}\max(r-\lambda, 0)+\kappa_{1}$ rnin $(r, 0),$ $\kappa_{i}=k_{i}/C_{i},$ $\theta^{*}<0,$ $\theta 0>0$ . $k_{i}$
, $c_{i}$ , $\lambda$ . $\theta$ $\theta(r)=\max(r, 0)/k_{2}+\min(r, 0)/k_{1}$
, $z$ $\theta(\beta(z))$ . .
$z(x,t)=\{\begin{array}{ll}C_{1}\theta^{*}(1-\frac{erf(x/(2\sqrt{\kappa_{1}t}))}{erf\phi}) if x\leq s(t).C_{2}\theta_{0}(1-\frac{erfc(x/(2\sqrt{\kappa_{2}t}))}{erfc(\varphi’\sqrt{\kappa_{1}/\kappa_{2}})})+\lambda if x>s(t).\end{array}$
, $s(t)=2\phi\text{ ^{}/}\kappa_{1}t$ $t$ $\phi$ .
$\frac{e^{-\phi^{2}}}{erf\phi}+\frac{k_{2}}{k_{1}}\sqrt{\frac{\kappa_{1}}{\kappa_{2}}}\frac{\theta_{0}e^{-\kappa_{1}\phi^{2}/\kappa_{2}}}{\theta^{*}erfc(\phi\sqrt{}\overline{\kappa_{1}/\kappa_{2}})}+\frac{\phi\lambda\sqrt{\pi}}{C_{1}\theta^{*}}=0$.
, $\Omega\cross(T_{0}, T]=(0,1)\cross(0.01,1.01]$ ,
$x=1$ . , $k_{1}=2.22,$ $k_{2}=0.556,$ $C_{1}=1.762$ , $C_{2}=4.226$ ,
$\lambda=338,$ $\theta^{*}=-20,$ $\theta_{0}=10$ . , $\phi$ 0.205428 .
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. CPU Intel Pentium $M$
1.2 GHz . Newton $10^{-15}$ , $\mu=0.79$ .
, $\mu$ $\epsilon$ , $\mu$
.
, $N_{X}=50$ , $N_{T}=10,$ $\epsilon=10^{-7}$ ,
. 2 , $t=0.21,0.41,0.61,0.81,1.01$
. 0.1 ,
. . 3 . ,








. $\tau$ , moving mesh ,
.
, $\Lambda^{r_{X}}=10^{3}$ $N_{T}=10^{3}|$ , $\epsilon$ .
, $E_{E},$ $E_{T},$ $E_{T}^{\infty},$ $E_{I}$ , $L^{2}(Q)$ ,
$L^{2}(Q)$ , $L^{\infty}(Q)$ , $L^{\infty}(T_{0}, T)$ .
,
$E_{E}=( \sum_{-V}|Z_{i}^{n}-z(x_{i}, t^{n})|^{2}$ / $\sum_{0\leq i\leq N,0\leq n\leq 1V_{T}^{X}}|z(x_{i}, t^{n})|^{2})^{1/2}$ ,
$E_{T}=( \sum_{0\leq i\leq N_{J’}}|\theta(U_{i}^{n})-\theta(\beta(z(x_{i},t^{n})))|^{2}$ / $\sum_{0\leq i\leq N,0\leq n\leq N_{T}^{X}}|\theta(\beta(z(x_{i},t^{n})))|^{2})^{1/2}$ ,
$E_{T}^{\infty}= \max|\theta(U_{i}^{n})-\theta(\beta(z(x_{i},t^{n})))|_{/’}\max|\theta(\beta(z(x_{i}, t^{n})))|0\leq n\leq 1V_{\tau 0\leq n\leq N_{T}^{X’}}0\leq i\leq N_{x0\leq i\leq A^{\gamma}}$ ’
$E_{I}=_{0} \max_{\leq n\leq 1\backslash r_{T}}|s^{n}-s(t^{n})|$
. , $Z_{i}^{n}$ $U_{i}^{n}$ $x_{i}=i/(N_{X}+1),$ $t^{n}$ $z$ $u=\beta(z)$
. $E_{E}=E_{E}(\epsilon)$ $O(\epsilon^{\alpha_{E}})$ , ,
$C$ $E_{E}(\epsilon)=C\epsilon^{\alpha_{E}}$ , $\alpha_{E}$
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lResults with $Nx=10^{3}$ and $N\tau=10^{3}$ .
$\epsilon$ EE $\alpha E$ ET $\alpha T$ $E_{T}^{\infty}$ $\alpha_{T}^{\infty}$ $E_{I}$ $\alpha 1$ CPU ITR
$4^{-5}$ 0.10619 0.09716 0.39361 001989 1.82 26
$4^{-6}$ 0.07330 0.27 0.04796 0.51 0.26315 0.29 000844 062 1,83 27
$4^{-7}$ 0.05114 026 0.02373 0.51 015589 0.38 000384 057 1.83 27
$4^{-8}$ 0.03585 026 0.01171 0.51 0.08545 0.43 000189 051 1.85 28
$4^{-9}$ 0.02518 0.25 0.00578 0.51 0.03899 0.57 000094 050 1.84 27
$4^{}$ 0.01781 025 0.00285 0.51 0.01642 0.62 000047 049 1.86 28
$4^{-11}$ 0.01204 028 0.00158 0.43 0.01027 0.34 000027 042 1.85 28
.
$\alpha E=\frac{\log(E_{E}(\epsilon_{1})/E_{E}(\epsilon_{2}))}{\log(\epsilon_{1}/\epsilon_{2})}$ .
$\alpha_{T},$ $\alpha_{T}^{\infty},$ $\alpha_{1}$ . 2
$\tau$ $\alpha$ . ( ) CPU ,
Newton ITR . 1 .
$\epsilon$ $0$ , . $L^{\infty}$
$0$ , .
$O(\epsilon^{1/4})$ , $(L^{2})$ $O(\epsilon^{1/2})$
. , $L^{\infty}$ , $O(\vee\rho^{1/2})$
. , Newton $\epsilon$ .
, $\epsilon$ $(\epsilon=4^{-12}.4^{-13}$ $)$ , Newton .
. $10^{-3}$ ,
$10^{-3}/2$ . , $\epsilon$ $4^{-10}$
$10^{-3}/2$ , $\epsilon=4^{-10},4^{-11}$ .
, $\hat{c}$ ,
.
, $N_{X}=10^{3},$ $\epsilon=0.1\tau^{2}$ , $\tau$ .
2 . $L^{2}$ $\tau$ ,
. $O(\tau^{1/2})$ $O(\tau)$
. $\tau$ $0$ , Newton
. , .
( 2) Ka\v{c}ur (3) .
: $Nx^{r=}10^{3},$ $\alpha=0.999,$ $K=10\cross N\tau$ . , (3) 2 $o(1/\sqrt{N\tau})$ $\tau$
. Ka\v{c}ur [12] (3) Stefan , $\beta$
74
2Results with $\epsilon=0.1\cross\tau^{2}$ .
$\frac{\tau E_{E}\alpha_{E}^{\tau}E_{T}a_{T}^{\tau}F_{T}^{\infty}\lrcorner\alpha_{T}^{\infty,\tau}E_{I}\alpha_{f}^{\tau}CPI\uparrow ITR}{0.10.109430.086430.17/4240.018490.0164.9}$
0.1 $\cross 2^{-1}$ 0.07566 0.53 0.04668 0.89 0.16617 0.07 0.00897 1.04 0.047 4.8
$0.1\cross 2^{-2}$ 0.05280 0.52 0.02484 0.91 0.14264 0.22 0.00440 1.03 0.093 4.7
$0.1x2^{-3}$ 0.03710 0.51 0.01297 0.94 0,10866 0.39 0.00210 1.07 0.188 4.5
0.1 $x2^{-4}$ 0.02574 0.53 0.00665 0.96 0.07230 0.59 0.00103 1.03 0.375 4.3
0.1 $\cross 2^{-5}$ 0.01807 0.51 0.00338 0.98 0.04160 0.80 0.00050 1.05 0.719 3.8
0.1 $\cross 2^{-6}$ 0.01217 0.57 0.00174 0.96 0.01998 1.06 0.00031 0.70 1.281 3.3
$\beta_{N_{T}}$ . , $\beta_{N_{T}}$ .
$\beta_{N_{T}}(s)=\{\begin{array}{ll}\kappa_{2}(s-\lambda) if s>\lambda+\xi\lambda/(2(\kappa_{2}-\xi)),\kappa_{1}s if s<-\xi\lambda/(2(\kappa_{1}-\xi)),\xi(s-\lambda/2) otherwise.\end{array}$
, $\xi=10^{-4_{T}}$ . $C^{2}$ , . 4




10 1 . , ,
,
.
, . $Ka\check{c}$ur (3)
, , ,
. , (3)
, . , (3)
, (3) $\beta$ , , cut-off
. , $f$ ,
. , , $\mu$
Ka\v{c}ur .
. , moving mesh
, .
, . moving mesh .
$To=0.0012,$ $T=0.288$ , 40, $\tau=0.0012$ .
Mackenzie Robertson [14] . , $\epsilon=10^{-7}$ .





4Comparison between our method(RD) and the method by Ka\v{c}ur et al.(KHK). Errors vs. $\tau$ .




) , . ,
, ( 6
$)$ .
( (B), 19740046) .
76
CPU times (s) CPU times (s)
5 Comparison between our method(RD) and the method by Ka\v{c}ur et ai.(KHK),
Errors vs. CPU time.
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